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  Today’s Game Plan 

• NYS Priorities 

• The Implications of the Shifts  

• Investigating Rigor: 

– Conceptual Understanding 

– Procedural Skill and Fluency 

– Application 

– Standards of Mathematical Practice 



 

  

                    and the Common Core 
www.engageny.org 

 
• Common Core Standards:  Mathematics 

(http://engageny.org/sites/default/files/resource/attachments/nysp12cclsmath.pdf) 

• Progressions Documents (http://math.arizona.edu/~ime/progressions/) 

• Publishers’ Criteria 
(http://www.corestandards.org/assets/Math_Publishers_Criteria_K-8_Summer%202012_FINAL.pdf) 

• New Curriculum Modules from Common 

Core, Inc.: 
• P – 5:   A Story of Units 

• New NYS Assessment in Math 

 

http://www.engageny.org/
http://engageny.org/sites/default/files/resource/attachments/nysp12cclsmath.pdf
http://math.arizona.edu/~ime/progressions/
http://www.corestandards.org/assets/Math_Publishers_Criteria_K-8_Summer 2012_FINAL.pdf
http://www.corestandards.org/assets/Math_Publishers_Criteria_K-8_Summer 2012_FINAL.pdf
http://www.corestandards.org/assets/Math_Publishers_Criteria_K-8_Summer 2012_FINAL.pdf


Three Shifts 

• Focus  

– Strongly where the Standards focus 

• What’s in and What’s out 

• The shape of the content that is in 

• Coherence  

• Rigor 

Crosswalk of Common Core Instructional Shifts 

http://engageny.org/sites/default/files/resource/attachments/instructional_shifts_crosswalk.pdf
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Three Shifts 

• Focus  

– Strongly where the Standards focus 

• What’s in and What’s out 

• The shape of the content that is in 

• Coherence 

– Across grades 

– Within a grade  

• Rigor 

Crosswalk of Common Core Instructional Shifts 

http://engageny.org/sites/default/files/resource/attachments/instructional_shifts_crosswalk.pdf


Coherence 

• It’s about math making sense. 

• The power and elegance of math comes 

out through carefully laid progressions and 

connections within grades. 
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A Story of Units 

The Shape of Math in A+ Countries 
Mathematics 

topics 

intended at 

each grade 

by at least 

two-thirds of 

A+ countries 

Mathematics 

topics 

intended at 

each grade  

by at least 

two-thirds of 

21 U.S. states 



Three Shifts 
• Focus  

– Strongly where the Standards focus 

• What’s in and What’s out 

• The shape of the content that is in 

• Coherence 

– Across grades 

– Within a grade  

• Rigor 

– Deep Conceptual Understanding 

– Procedural Skill and Fluency 

– Application 

– Dual Intensity 

Crosswalk of Common Core Instructional Shifts 

http://engageny.org/sites/default/files/resource/attachments/instructional_shifts_crosswalk.pdf
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A Story of Units 

Conceptual Understanding  
Defined by the Instructional Shifts 

10 

• “Teachers teach more than ‘how to get the answer’ 
and instead support students’ ability to access 
concepts from a number of perspectives so that 
students are able to see math as more than a set of 
mnemonics or discrete procedures.  Students 
demonstrate deep conceptual understanding of core 
math concepts by applying them to new situations as 
well as writing and speaking about their 
understanding.”   

•   

 



Rigor: 

Conceptual Understanding 

• Concrete and Pictorial Models 

• Conceptual Questioning 

• Speaking and Writing About Understanding 

 



Conceptual Understanding: 

Concrete & Pictorial Models 
• What models do we use? 

 

• Why do we use them?  

 

 



Conceptual Understanding: 

Concrete & Pictorial Models 

• Skip Counting by Ones, Tens, and 

Hundreds, Second Grade 

– How does the model deepen the conceptual 

understanding? 

– How else might you have modeled this? 
2.NBT.7:  Add and subtract within 1000, using concrete 

models or drawings and strategies based on place 

value, properties of operations, and/or the relationship 

between addition and subtraction; relate the strategy to 

a written method.  Understand that in adding or 

subtracting three-digit numbers, one adds or subtracts 

hundreds and hundreds, tens and tens, ones and ones; 

and sometimes it is necessary to compose or 

decompose tens or hundreds. 

http://www.engageny.org/resource/nti-november-2012-session-2-a-story-of-units-skip-counting-by-ones-tens-and-hundreds
http://www.engageny.org/resource/nti-november-2012-session-2-a-story-of-units-skip-counting-by-ones-tens-and-hundreds


Conceptual Understanding: 

Concrete & Pictorial Models 
• Fraction Strips, Third Grade 

– How did the model deepen conceptual 

understanding? 

– Where could you go from here using the 

same model?  Grade 3, Module 5 

3.NF.1: Understand a fraction 1/b as the quantity formed by 

1 part when a whole is partitioned into b equal parts; 

understand a fraction a/b as the quantity formed by a parts 

of size 1/b.  

3.G.2: Partition shapes into parts with equal areas. Express 

the area of each part as a unit fraction of the whole. For 

example, partition a shape into 4 parts with equal area, and 

describe the area of each part as 1/4 of the area of the 

shape.  

http://www.engageny.org/resource/common-core-video-series-grade-3-module-5-mathematics-example-of-instruction
http://www.engageny.org/sites/default/files/resource/attachments/g3-m5-full-module.pdf
http://www.engageny.org/ccls/3nf1
http://www.engageny.org/ccls/3g2


Conceptual Understanding: 

Concrete & Pictorial Models 

• Concrete materials give students an experiential 
understanding of concepts. 

• Pictorial representations offer greater flexibility 
than concrete models, challenging student 
understanding at a deeper level while maintaining 
their connection to the contextual situation. 

• Without the concrete or pictorial models, 
operations become disconnected from meaning, 
rendering students unable to judge when and 
where they apply. 

 

 



Conceptual Understanding: 

Conceptual Questioning 

• Goes beyond getting the right answer  

• Goes beyond Yes/No questions  

• Encourages recognition of subtleties and exposes 
current level of student understanding 

– “Can you think of a case where that would not work?”  

– “Someone else says the answer is this. Can you prove 
that they are right/wrong?” 

– “When we get a like unit for these two fractions, will the 
like unit be bigger or smaller than the units we have?” 

– “Can you think of a number between 1/4 and 1/5?” 

 



Conceptual Understanding: 

Conceptual Questioning 

• 10 Cakes Shared Among 4, Fifth Grade 

– What questions did the teacher ask? 

– How did her questions cause the students to 

forge a deeper understanding? 

5.NF.3:  Interpret a fraction as division of the 

numerator by the denominator (a/b=a÷b).  Solve 

word problems involving division of whole numbers 

leading to answers in the form of fractions or 

mixed numbers, e.g., by using visual fraction 

models or equations to represent the problem. 

http://engageny.org/resource/nti-november-2012-rigor-breakdown-10-cakes-shared-among-4


Conceptual Understanding: 

Conceptual Questioning 
• Read:  Facilitating Productive Discussions 

– Highlight teacher questioning that promotes 

student understanding and reasoning 

– What do you notice about teacher questioning? 



Conceptual Understanding: 

Conceptual Questioning 

Practice! 
• THINK about how third grade students 

might answer the question. 

• DECIDE what you want students to 

develop. 

• PLAN some conceptual questions. 



Conceptual Understanding: 

Conceptual Questioning 
Tony owns a pizza parlor.  When customers 

order a pizza, they can choose the type of 

crust (thick, thin, or original).  Customers 

may also choose one special topping 

(pepperoni, hamburger, sausage, bacon, or 

anchovies).  How many different types of 

pizza can Tony make for his customers?   
3.OA.1:  Represent and solve 

problems involving multiplication 

and division.  Interpret products of 

whole numbers, e.g., interpret 5 x 

7 as the total number of objects in 

5 groups of 7 objects each. 



Conceptual Understanding:  

Speaking and Writing About 

Understanding 

• Goal – about what are students supposed 

to talk or write? 

• Audience – to whom are students 

speaking or writing? 

• Purpose – what are students supposed to 

learn or gain by speaking or writing? 

 



Conceptual Understanding: 

Speaking and Writing About 

Understanding 

• Inches and Centimeters – Third Grade 
– 2.MD.2:  Measure the length of an object twice, using 

length units of different lengths for the two 

measurements; describe how the two measurements 

relate to the size of the unit chosen. 

– Preparation for Fractions – reasoning about size 

– Why have the students talk to each other? 

– What would have made the discussions 

richer? 

http://www.engageny.org/resource/common-core-video-series-grade-3-mathematics-inches-and-centimeters
http://www.engageny.org/resource/common-core-video-series-grade-3-mathematics-inches-and-centimeters
http://www.engageny.org/resource/common-core-video-series-grade-3-mathematics-inches-and-centimeters
http://www.engageny.org/resource/common-core-video-series-grade-3-mathematics-inches-and-centimeters


Conceptual Understanding: 

Speaking and Writing About 

Understanding 

• Sara & Carlos – Third Grade 
– 3.NBT.2:  Fluently add and subtract within 1000 using 

strategies and algorithms based on place value, 

properties of operations, and/or the relationship 

between addition and subtraction. 

– Why did the teacher have the students speak to 

the whole class about their understanding? 

– How did the experience deepen the students’ 

conceptual understanding? 

– What classroom structures or routines facilitate 

this type of exchange? 

https://www.teachingchannel.org/videos/third-grade-math-solutions?fd=1
https://www.teachingchannel.org/videos/third-grade-math-solutions?fd=1
https://www.teachingchannel.org/videos/third-grade-math-solutions?fd=1
https://www.teachingchannel.org/videos/third-grade-math-solutions?fd=1


Conceptual Understanding: 

Speaking and Writing About 

Understanding 
• Speaking about understanding can occur among students 

debating a problem or with a teacher questioning students 
individually or as a group. 

• Writing about understanding can occur at the board, on 
worksheets, on homework, or in student journals. 

• Both speaking and writing are valuable ways to consolidate 
learning and reveal students’ current level of understanding. 

• Planning and/or scaffolding student speaking and writing by 
considering the goal, audience, and purpose (GAP) helps 
maximize student learning. 



Three Shifts 
• Focus  

– Strongly where the Standards focus 

• What’s in and What’s out 

• The shape of the content that is in 

• Coherence 

– Across grades 

– Within a grade  

• Rigor 

– Deep Conceptual Understanding 

– Procedural Skill and Fluency 

– Application 

– Dual Intensity 

Crosswalk of Common Core Instructional Shifts 

http://engageny.org/sites/default/files/resource/attachments/instructional_shifts_crosswalk.pdf
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A Story of Units 

Fluency 
Defined by the Instructional Shifts 

26 

• “Students are expected to have speed and accuracy 
with simple calculations; teachers structure class 
time and/or homework time for students to 
memorize through repetition, core functions.” 



Required Fluencies 

Grade Standard Required Fluency 

K K.OA.5 Add/subtract within 5 

1 1.OA.6 Add/subtract within 10 

2 2.OA.2  

2.NBT.5 

Add/subtract within 20 (know single digit sums from memory) 

Add/subtract within 100 (pencil & paper) 

3 3.OA.7 

3.NBT.2 

Multiply/divide within 100 (know single digit products from memory) 

Add/subtract within 1000 

4 4.NBT.4 Add/subtract within 1,000,000 

5 5.NBT.5 Multi-digit multiplication 

“Students are expected to have speed and accuracy with simple calculations; 

teachers structure class time and/or homework time for students to memorize, 

through repetition, core functions…” 



Procedural Skill and Fluency: 

When? How often? Why? How?  

• Start of math lesson, start of day, 

transition… 

• Daily!  Or at least regularly…  

• Various purposes: 

– Retain earlier fluencies 

– Refresh fluency for use in conceptual 

development or application 

– Create new fluency 

 

 



Procedural Skill and Fluency: 

Choral and Whiteboard 

Exchanges 

For developing or “new” fluency – support 

and monitoring possible 

• Fifth Grade:  Subtract Fractions from 

Numbers One and Two (4.NF.3b & 5.NF.7)  

4.NF.3b:  Decompose a 

fraction into a sum of 

fractions with the same 

denominator… 

5.NF.7:  Apply and extend 

previous understandings of 

division to divide unit fractions 

by whole numbers and whole 

number by unit fractions. 



Procedural Skill and Fluency: 

Choral and Whiteboard 

Exchanges 

Fifth Grade:  Subtract Fractions from 

Numbers One and Two (4.NF.3b & 5.NF.7)  

• Why these activities for this lesson? 

• What new fluency are students acquiring? 

4.NF.3b:  Decompose a 

fraction into a sum of 

fractions with the same 

denominator… 

5.NF.7:  Apply and extend 

previous understandings of 

division to divide unit fractions 

by whole numbers and whole 

number by unit fractions. 



Procedural Skill and Fluency: 

Choral and Whiteboard 

Exchanges 

For developing or “new” fluency – support 

and monitoring possible 

• Third Grade:  Compare Fractions and 

Whole Numbers on the Number Line by 

Reasoning About Their Distance from 0 
(3.NF.1 & 3.NF.2b)  

3.NF.1:  Understand a fraction 

1/b as the quantity formed by 1 

part when a whole is partitioned 

into b equal parts; understand a 

fraction a/b as the quantity 

formed by a parts of size 1/b. 

3.NF.2b:  Represent a fraction a/b 

on a number line diagram by 

marking off a lengths 1/b from 0.  

Recognize that the resulting 

interval has size a/b and that its 

endpoint locates the number a/b on 

the number line. 



Procedural Skill and Fluency: 

Choral and Whiteboard 

Exchanges 

Third Grade:  Compare Fractions and Whole 

Numbers on the Number Line by Reasoning 

About Their Distance from 0 (3.NF.1 & 3.NF.2b)  

• Why these activities for this lesson? 

• What new fluency are students acquiring? 
 

3.NF.1:  Understand a fraction 

1/b as the quantity formed by 1 

part when a whole is partitioned 

into b equal parts; understand a 

fraction a/b as the quantity 

formed by a parts of size 1/b. 

3.NF.2b:  Represent a fraction a/b 

on a number line diagram by 

marking off a lengths 1/b from 0.  

Recognize that the resulting 

interval has size a/b and that its 

endpoint locates the number a/b on 

the number line. 



Procedural Skill and Fluency: 

Choral and Whiteboard 

Exchanges 
• Exchanges can be used as a quick form of 

assessment. 

• Exchanges allow for rapid completion of multiple 
practice problems. 

• Exchanges create intensity in student practice. 

• Exchanges give students immediate feedback. 



Procedural Skill and Fluency: 

Counting Exercises 

• They are appropriate for all grade levels, PK-5. 

• Counting forward and backwards supports addition 
and subtraction. 

• Skip-counting supports multiplication.  

• Counting exercises can be timed competitions, either 
as a class or as individuals. 



Procedural Skill and Fluency: 

Counting Exercises 

• Fifth Grade:  Fractions and Decimals 

• Third Grade:  Counting by Unit Fractions 

• Second Grade:  Happy Counting and Skip Counting 
Up & Down Crossing 100 

• Kindergarten:  Finger Counting and Counting the 
Say Ten Way 

Thoughts?  
Reactions? 

http://www.engageny.org/resource/common-core-video-series-fraction-fluency-in-grade-5


Procedural Skill and Fluency: 

Sprints 

• A fast pace is essential. While administering Sprints, teachers 
assume the role of athletic coaches. A rousing routine fuels 
students’ motivation to do their personal best.   

• Student recognition of increasing success is critical, and so 
every improvement is celebrated. One Sprint has two parts 
with closely related problems on each. Students complete the 
two parts of the Sprint in quick succession with the goal of 
improving on the second part, even if only by one more.   

• With practice the routine takes about 8-10 minutes. 



Procedural Skill and Fluency: 

Sprints 

For fluencies that are mastered – promoting 
greater automaticity and speed. 

• Grade 3 Example:  Subtracting 8 

• Grade 5 Example:  Equivalent Fractions 



Procedural Skill and Fluency: 

Sprints 
• Round B of the Sprint consolidates student progress, and builds 

confidence, especially for lower performing students. 

• Intelligent design and sequence of delivery makes the Sprint 
superior to computer-generated worksheets. 

• Sprints are aligned to individual lessons and topics and have 
been written to account for a large range of skill levels. 

• Teachers are encouraged to study the sequence of problems in 
the Sprints from A Story of Units and create their own Sprints. 

• Sprints do not have to be administered daily, but certainly can 
be done at least 2-3 times per week. 



Procedural Skill and Fluency: 

Games & Puzzles 

• Try this! 

– What fluencies would be needed to complete 

this? 

– What other games and puzzles might you try? 



Procedural Skill and Fluency: 

Key Points 

• Fluency standards exist for each grade. 

• Fluency can be promoted in a variety of ways. 

• Fluency work can be included as a warm-up 
at the beginning of a lesson for 
approximately 10-20 minutes. 

• Provide frequent, rich opportunities for 
students to work toward achieving fluency. 

 
How can fluency 

increase rigor? 



Lunch Time! 

See you in an hour! 

 



Three Shifts 
• Focus  

– Strongly where the Standards focus 

• What’s in and What’s out 

• The shape of the content that is in 

• Coherence 

– Across grades 

– Within a grade  

• Rigor 

– Deep Conceptual Understanding 

– Procedural Skill and Fluency 

– Application 

– Dual Intensity 

Crosswalk of Common Core Instructional Shifts 

http://engageny.org/sites/default/files/resource/attachments/instructional_shifts_crosswalk.pdf
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A Story of Units 

Application 
Defined by the Instructional Shifts 

43 

• “Students are expected to use math and choose the 
appropriate concept for application even when they 
are not prompted to do so. Teachers provide 
opportunities at all grade levels for students to apply 
math concepts in “real world” situations. Teachers in 
content areas outside of math, particularly science, 
ensure that students are using math – at all grade 
levels – to make meaning of and access content.”   

 



Application: 

Problems with Teeth! 

• Solving Application problems requires 

combining Procedural Skill and Fluency 

with Conceptual Understanding 

• Problems are more challenging 

• Less scaffolding 

• Multi-step 

• Real-world 
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A Story of Units 

Multi-Step Problems in the Standards 

45 

2 2.OA.1 Two-step, addition and subtraction within 100 

3 

3.OA.8 
3.MD.3 

 
 

Two-step, involving the four operations 

Two-step, how many more and how many less questions 

using the information presented in scaled bar graphs with 

several categories 

4 4.OA.3 
Multi-step, involving whole numbers and the four 
operations 

5 
5.MD.1 

 
Multi-step, real world problems that include converting 

among different-sized standard measurement units within 

a given measurement system 
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A Story of Units 

Student Work Sample  
Grade 2 – Two-Step Word Problem 

46 

Jack has $344.  Mason has $266 more than Jack.  How 
much do Jack and Mason have altogether? 
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A Story of Units 

Student Work Sample 
Grade 5 – Multi-Step Word Problem 

47 

Mrs. Jones wants to give each of her 18 students a gift 
for the holidays.  She has a budget of $144.  She bought 
18 identical gifts each costing $6.00.   She purchased 18 
printed gift boxes for $1 each.  She wants to buy ribbon 
to tie around each box.  The ribbon costs $6 per yard.  If 
she uses 9 inches of ribbon for each box, can she afford 
to buy the ribbon and still keep to her budget of $144?  
Explain why or why not.   
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A Story of Units 

Student Work Sample 
Grade 5 – Multi-Step Word Problem 

48 
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A Story of Units 

Real-World Problems in the Standards 

49 

3 
3.MD.7 
3.MD.8 

Relate area to multiplication and division 

Perimeters of polygons 

4 
4.MD.3 
4.MD.7 

Area and perimeter formulas for rectangles  

Unknown angles on a diagram 

5 
5.NF.6 
5.NF.7 

Multiplication of fractions and mixed numbers 

Division of unit fractions by non-zero whole numbers and 

division of whole numbers by unit fractions 

5 
5.MD.1 

 
5.MD.5 

Convert among different-sized standard measurement 

units within a given measurement system 

Volume problems   

5 
5.G.2 

 
Graphing points in the first quadrant of the coordinate 

plane, and interpret coordinate values of points in the 
context of the situation. 



Application: 

Problems with Teeth! 

• Choose one standard calling for real-world problems and 
write your own example of a real-world problem for that 
standard. 

• Can you make it multi-step? 

• Share your problem. 



Application: 

Read, Draw, Write 

The Read, Draw, Write (RDW) process for 
solving word problems is modeled to students 
by teachers, promoting perseverance in 
reasoning through problems. 

• Second Grade – Candy Problem 

• Fifth Grade – Library Problem 

 2.NBT.7:  Add and subtract within 1000, using concrete models 

or drawings and strategies based on place value, properties of 

operations, and/or the relationship between addition and 

subtraction; relate the strategy to a written method.  Understand 

that in adding or subtracting three-digit numbers, one adds or 

subtracts hundreds and hundreds, tens and tens, ones and ones; 

and sometimes it is necessary to compose or decompose tens or 

hundreds. 

5.NF:  Solve real-world problems involving 

fractions… 

http://www.engageny.org/resource/nti-november-2012-rigor-breakdown-candy-problem
http://www.engageny.org/resource/nti-november-2012-rigor-breakdown-candy-problem
http://www.engageny.org/resource/nti-november-2012-rigor-breakdown-candy-problem
http://www.engageny.org/resource/nti-november-2012-rigor-breakdown-candy-problem
http://www.engageny.org/resource/nti-november-2012-rigor-breakdown-library-problem
http://www.engageny.org/resource/nti-november-2012-rigor-breakdown-library-problem
http://www.engageny.org/resource/nti-november-2012-rigor-breakdown-library-problem
http://www.engageny.org/resource/nti-november-2012-rigor-breakdown-library-problem


Application: 

Read, Draw, Write 

Your turn! 
Meagan had $1780 and Lisa had $1910.  Lisa 
gave some money to Meagan.  In the end 
Meagan had twice as much money as Lisa.  How 
much money did Lisa give to Meagan? 

 

 



Application: 

Modeling 

• Method of approaching problems/applications 
Mathematically proficient students can apply the mathematics they know to 

solve problems arising in everyday life, society, and the workplace…. 

Mathematically proficient students who can apply what they know are 

comfortable making assumptions and approximations to simplify a 

complicated situation, realizing that these may need revision later. They are 

able to identify important quantities in a practical situations…. They can 

analyze those relationships mathematically to draw conclusions. They 

routinely interpret their mathematical results in the context of the situation and 

reflect on whether the results make sense, possibly improving the model if it 

has not served its purpose. 

 

 



Application: 

Modeling 

• Mathematical representations used to solve 

problems/applications 

– Array Diagrams 

– Visual Fraction Models 

– Number lines/Double number lines 

– Bar diagrams/Tape Diagrams 



Application: 

Modeling 

• Descriptive modeling – using concrete 

materials or pictorial displays to study 

quantitative relationships 

• Analytic modeling – using graphical 

representations, equations, or statistical 

representations to provide analysis, 

revealing additional insights to the 

relationships between variables. 

 - See CCLS for Mathematics p. 55-56 

 



Application: 

Modeling 

Descriptive Modeling 

• PK-K:  Modeling their environment / real world objects 

using geometric shapes and figures 

• K-1:  Modeling forms of addition and subtraction 

situations using concrete materials or diagrams 

• 2-5:  Place value models, multiplication models (equal 

groups, array, area), visual fraction models, and number 

line models. 

• 6-12: Tables or graphs of observations, geometrical 

and/or 3-D models of real world objects. 

 



Application: 

Modeling 

Analytic Modeling 

• 4-7:  Use tape diagrams and/or equations to model 

relationships between two or more quantities. 

• 6-12:  Use equations and/or functions to model 

relationships between two or more variables. 

• 9-12:  Use probability models and statistical 

representations to analyze chance processes. 
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A Story of Units 

Using Tape Diagrams 

58 

• Promote perseverance in reasoning through 
problems. 

• Develop students’ independence in asking 
themselves: 

– “Can I draw something?” 

– “What can I label?” 

– “What do I see?”  

– “What can I learn from my drawing?”  
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A Story of Units 

Forms of the Tape Diagram 

59 

  8 

5 ? 

8 
5 

? 
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A Story of Units 

Foundations for Tape Diagrams in PK–1 

60 
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A Story of Units 

Leading into Tape Diagrams 

61 

Sara has 5 stamps.  Mark has 3 stamps.  How many 
more stamps does Sara have than Mark? 
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A Story of Units 

  

62 

Example 1:  Sara has 5 stamps.  Mark brings her 4 more 
stamps.  How many stamps does Sara have now? 
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A Story of Units 

  

63 

Example 2:  Sara has 16 stamps.  Mark brings her 4 
more stamps.  How many stamps does Sara have now? 
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A Story of Units 

  

64 

Example 3:  Sara brought 4 apples to school.  After Mark 
brings her some more apples, she has 9 apples 
altogether.  How many apples did Mark bring her? 
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A Story of Units 

  

65 

Example 4:  Matteo has 5 toy cars.  Josiah has 2 more 
than Matteo.  How many toy cars do Matteo and Josiah 
have altogether? 
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A Story of Units 

  

66 

Example 5:  Jasmine had 328 gumballs.  Then, she gave 
132 gumballs to her friend.  How many gumballs does 
Jasmine have now? 
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A Story of Units 

  

67 

Example 6:  Jose has 4 paper clips.  Harry has twice as 
many paper clips as Jose.  How many paper clips does 
Harry have? 



© 2012 Common Core, Inc. All rights reserved. commoncore.org 

A Story of Units 

  

68 

Example 7:  Jose has 4 paper clips.  Harry has twice as 
many paper clips as Jose.  How many paper clips do 
they have altogether? 
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A Story of Units 

  

69 

Example 8:  William’s weight is 40 kg.  He is 4 times as 
heavy as his youngest brother Sean.  What is Sean’s 
weight? 
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• When building proficiency in tape diagraming skills start 
with simple accessible situations and add complexities 
one at a time. 

• Develop habits of mind in students to reflect on the size 
of bars relative to one another. 

• Part-whole models are more helpful when modeling 
situations where you are given information relative to a 
whole. 

• Compare to models are best when comparing quantities. 
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• Use of tape diagrams, as described in the progressions 
documents provides visualization of relationships between 
quantities thereby promoting conceptual understanding, 
provides coherence through standards from Grade 1 through 
Grade 7, and supports standards for mathematical practice.  

• Proficiency in the tape diagram method can be developed in 
students and teachers new to the process through a natural 
development of problems and representations. 

• Content knowledge directed by the standards and the 
progressions is required to provide coherent and balanced 
instruction. 



Three Shifts 
• Focus  

– Strongly where the Standards focus 

• What’s in and What’s out 

• The shape of the content that is in 

• Coherence 

– Across grades 

– Within a grade  

• Rigor 

– Deep Conceptual Understanding 

– Procedural Skill and Fluency 

– Application 

– Dual Intensity 

Crosswalk of Common Core Instructional Shifts 

http://engageny.org/sites/default/files/resource/attachments/instructional_shifts_crosswalk.pdf
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The Instructional Shifts: 

• “Students are practicing and understanding. There is 
more than a balance between these two things in the 
classroom – both are occurring with intensity. 
Teachers create opportunities for students to 
participate in ‘drills’ and make use of those skills 
through extended application of math concepts...” 

 



A Story of Units Approach 

Intensity and Balance 



Rigorous Lesson Structure 
A Story of Units 

Fluency, concept development, and application 

layered in each lesson 

 



Mathematical Practice 

Standards 
MP1 Make sense of problems and persevere in solving them. 

MP2 Reason abstractly and quantitatively. 

MP3 Construct viable arguments and critique the reasoning of others. 

MP4 Model with mathematics. 

MP5 Use appropriate tools strategically. 

MP6 Attend to precision. 

MP7 Look for and make use of structure. 

MP8 Look for and express regularity in repeated reasoning 



Mathematical Practice 

Standards 
Mathematical Practices, Grade 5/6 

• Look for evidence of: 
• MP3:  Construct viable arguments and critique the reasoning 

of others. 

• MP6:  Attend to precision. 

• MP7:  Look for and make use of structure. 

• MP8:  Look for and express regularity in repeated reasoning. 

x y 

6 15 

10 27 

8 21 

5 12 

? 0 Parameter:  x> or = 0 

• What is the rule? 

• Is there a possible value for x if y = 0? 

http://insidemathematics.org/index.php/exemplary-lessons-integrating-practice-standards


Mathematical Practice 

Standards 
Mathematical Practices, Grade 5 

• Look for evidence of: 
• MP1:  Make sense of problems and persevere in solving them. 

• MP2:  Reason abstractly and quantitatively. 

• MP3:  Construct viable arguments and critique the reasoning 

of others. 

• MP4:  Model with mathematics. 

• MP5:  Use appropriate tools strategically. 

• MP6:  Attend to precision. 

• MP7:  Look for and make use of structure. 

• MP8:  Look for and express regularity in repeated reasoning. 

https://www.teachingchannel.org/videos/math-practice-standard-perseverance?fd=1


Thoughts for Today 

Be a smart, savvy math consumer… 

 

– What am I already doing?   

– How could this inform, improve, or augment 

my current curriculum and practice? 

– What new ideas and practices can I use 

tomorrow to support my students’ learning? 

– What do I want to share with my colleagues? 



        Take-Aways . . . 

What can I implement immediately with 

students to support their learning: 
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